This paper reports numerical analyses of free vibration of laminated composite plate/ shell structures of various shapes, span-to-thickness ratios, boundary conditions and lay-up sequences. The method is based on a novel four-node quadrilateral element, namely MISQ20, within the framework of the first-order shear deformation theory (FSDT). The element is built by incorporating a strain smoothing method into the bilinear four-node quadrilateral finite element where the strain smoothing operation is based on mesh-free conforming nodal integration. The bending and membrane stiffness matrices are based on the boundaries of smoothing cells while the shear term is evaluated by 2 × 2 Gauss quadrature. Through several numerical examples, the capability, efficiency and simplicity of the element are demonstrated. Convergence studies and comparison with other existing solutions in the literature suggest that the present element is robust, computationally inexpensive and free of locking.
Introduction
The analysis of natural frequencies of composite plates/shells plays an increasingly important role in the design of structures in mechanical, civil and aerospace engineering applications. A thorough study of the dynamic behaviors of these structures is essential in assessing their full potential. Therefore, it is necessary to develop appropriate models capable of accurately predicting their dynamic characteristics.
Great progress has been made over past decades towards better understanding of the vibration characteristics of laminated composite plates/shells [1, 2, 3] . Due to limited availability of analytic solutions for practical applications, numerical approximate methods have become the most effective tools. The finite element method (FEM) is considered to be a very effective and versatile approach for these problems. There is a vast amount of literature on free vibration analysis of laminated plates/shells which is too large to list here. Bert [1] and Mohamad [2] have conducted surveys and provided details on the development of the finite element methods for modeling and modal analysis of laminated plates/shells. Further extensive references on shells can be found in the excellent review of Yang et al. [3] .
Although the FEM solution is quite effective and versatile, its performance is highly mesh dependent and badly deteriorates when mesh distortion occurs. On the other hand, the mesh-free methods have become an alternative approach for problems with complex geometry and boundary conditions. Several mesh-free methods have been so far proposed for vibration analysis, including the Element Free Galerkin method (EFG) [4] , the Moving Least Square Differential Quadrature method (MLSDQ) [5, 6] , the Radial Basis Function method (RBF) [7, 8] and the Reproducing Kernel Particle method [9] , etc. However, the complex approximation space of mesh-fee methods increases the computational cost of solving the resultant algebraic equation systems. Recently, Liu et al. [10, 11] proposed a new smoothed finite element method (SFEM) where the strain smoothing technique of the stabilized conforming nodal integration (SCNI) mesh-free method was incorporated into the existing FEM for 2D elastic problems. Based on the idea of SFEM, Nguyen-Van et al. [12] have developed a new locking-free quadrilateral laminated plate element MISQ20 by incorporating the SCNI into the Bathe-Dvorkin assumed strain plate element [13] . It is found that the MISQ20 element with SCNI is effective, computationally inexpensive and not sensitive to mesh distortion. It is able to achieve accurate results even with coarse discretization irrespective of the span-to-thickness ratio and stacking sequence.
The goal of the present study is to extend the MISQ20 element for analysis of free vibration problems of laminated plate/shell structures within the framework of the FSDT. Eigenvalue analysis of various composite plates/shells is performed in order to have a better understanding of their dynamic behaviors associated with different parameters such as boundary conditions, types of laminates, mesh distortion, fibre orientation, span-to-thickness ratio, mixed boundaries and modulus ratio.
The paper is outlined as follows. First, a brief review of the finite element formulations for laminated plates is introduced in section 2. The description of strain smoothing technique for finite element method is derived in section 3. Several numerical investigations are carried out in section 4 to assess the performance of the proposed element in free vibration analysis. Finally, concluding remarks are made in section 5.
Finite element formulations for laminated plates
In the first-order shear deformation theory (FSDT) [14] , the plate kinematics is governed by the midplane displacement u o , v o , w o and rotation θ x , θ y as follows.
A typical 4-node quadrilateral laminated plate element consisting of n layers with thickness h is shown in Figure 1 .
The in-plane strain vector ε = [ε x ε y ε xy ]
T can be rewritten as
and the transverse shear strain vector as
For an anisotropic laminated plate, the stress and resultant constitutive relationship are expressed as follows.
where
T are the membrane force vector, the bending moment vector and the transverse shear force vector, respectively; k 2 1 , k 2 2 are shear correction factors (SCFs) which can be estimated by using special methods [15, 16, 17] ; A, B, D, C are matrices of extensional stiffness, bending-extensional coupling stiffness, bending stiffness and transverse shearing stiffness, respectively defined as
whereQ ij are the elastic constants with respect to the global x−axis and their detailed definitions can be found in Ref. [14] .
Base on the FSDT, the finite element solution u of a displacement model for laminated plates is approximated as
where np (np = 4 in this case) is the total number of nodes of an element,
T is the nodal displacement vector and
(1+ξ i ξ)(1+η i η) is the shape function of the four-node serendipity element.
The corresponding approximation of membrane, bending and shear strain of Equation (4) can be expressed in the following form
The element stiffness matrix can be written based on the minimum potential principle as
By using Hamilton's principle, the equation of motion of an element can be obtained as
which leads to the following eigenvalue equation
where the element mass matrix is defined by
in which 
3 Strain smoothing approach for finite element method
Smoothed membrane-bending strain approximation
The membrane-bending strains at an arbitrary point x C can be obtained by using following strain smoothing operatioñ
where ε p is the membrane-bending strain obtained from displacement compatibility condition as given in Equation (8); Ω C is the smoothing cell domain on which the smoothing operation is performed (Ω C may be an entire element or part of an element as shown in Figure 2 , depending on the stability analysis [10, 11] ); Φ is a given smoothing function that satisfies at least unity property Ω C ΦdΩ = 1 and is defined as
in which
dΩ is the area of the smoothing cell (subcell).
Substituting Φ into Equation (17) and applying the divergence theorem, one can get a smoothed membrane-bending strains as
where Γ C is the boundary of the smoothing cell.
Introducing the finite element approximation of u into Equation (7) gives
wherẽ
If one Gaussian point is used to evaluate Equation (21) along each line segment of the boundary Γ C i of Ω C , Equation (21) can be transformed as follows. , respectively; nb is the total number of edges of each smoothing cell.
Transverse shear strains of the element
The shear strains are approximated with independent interpolation fields in the natural coordinate system [13] as
in whicĥ
J is the Jacobian matrix and the midside nodes A, B, C, D are shown in Figure 1 . Expressing γ 
The element stiffness matrix in Equation (12) can be transformed as follows
Finally, the linear equation of motion in Equation (14) can be rewritten as
In Equation (27) , the shear termK e s is still computed by 2 × 2 Gauss quadrature while the element bending stiffnessK e mb is computed by one Gaussian point along each line segment of the smoothing cells of the element. For simplicity, two smoothing cells (nc = 2) as shown in Figure 2 are used for calculating the smoothed membrane-bending stiffness matrix of the element. This forms the basis of a new four-node quadrilateral element named MISQ20 (Mixed Interpolation Smoothing Quadrilateral element with 20 DOF) for analysis of laminated plates. For analysis of laminated shells using MISQ20 flat element, a drilling degree of freedom θ z (inplane rotation) will be added to each node for assembling the stiffness matrices and the total DOFs will be 24. To avoid rank deficiency of the element stiffness matrix, the fictitious stiffness associated with the drilling DOF is taken to be equal to 1/1000 of the maximum diagonal value of the element stiffness matrix.
Numerical results and discussions
In this section, a number of numerical examples are presented to demonstrate the performance of the MISQ20 element in the analysis of free vibration of laminated plates/shells. Particular plate/shell structures with various boundary conditions, span-to-thickness ratios and modulus ratios (the degree of orthotropy) are analyzed. In all examples, the material properties are assumed to be the same in all the layers and the fibre orientations may be different among the layers. The ply angle of each layer is measured from the global x−axis to the fibre direction. All layers have the same thickness and the mass density ρ is taken to be uniform in the thickness direction. Unless otherwise specified, shear correction factors k
are used for all computations. The following material parameters of a layer are used in all plate examples E 1 /E 2 = 10, 20, 30 or 40; G 12 = G 13 = 0.6E 2 ; G 23 = 0.5E 2 ; ν 12 = ν 13 = ν 23 = 0.25; ρ = 1.
Square laminated plates
This section deals with cross-ply laminated square plates with various spanto-thickness ratios, number of layers, boundary conditions and lay-up stacking sequences. A typical representative sketch of a mesh of 14 × 14 used in these analyses is shown in Figure 3 .
Convergence study and the effect of modulus ratios
A simply supported four-layer cross-ply [0/90/90/0] square laminated plate is chosen to study the convergence of the present method using MISQ20 element. The span-to-thickness ratio of the plate a/h is taken to be 5 in the computation. Table 1 shows the convergence and comparison of the normalized fundamental frequencies of the present method with other solutions for various degrees of orthotropy of the individual layers (E 1 /E 2 ratio). It is found that the MISQ20 element yields not only relatively accurate results in a wide range of E 1 to E 2 ratios but also rapid convergence as shown in Figure 4a . The effect of various modulus ratios of E 1 /E 2 on the accuracy of the fundamental frequency is also displayed in Figure 4b . It can be seen that the present results are in good agreement with exact solutions [14, 18] and closer to MLSDQ's solutions by Liew et al. [5] than RBF's results of Ferreira et al. [7] .
Mesh distortion
The influence of mesh distortion is studied in this section. The plate of the first example (Section 4.1.1) is analyzed again using distorted element created by irregular interior nodes. These interior nodes are derived from a set of regular nodes by using a controlling distortion factor s. Thus, the coordinates of an irregular mesh are obtained by the following expressions
where r c is a computer-generated random number between −1.0 and 1.0, ∆x, ∆y are initial regular element sizes in the x-and y-directions, respectively and s ∈ [0, 0.4] is used to control the shapes of the distorted elements: the bigger value of s, the more irregular the shape of generated elements. Typical irregular meshes of the analysis are shown in Figure 5 .
The effect of the mesh distortion on the fundamental frequency of the plate obtained by the present method is shown in Table 2 and Figure 6 . It is found that the accuracy of the fundamental frequencies associated with irregular mesh decreases in comparison with regular meshes. However, the deterioration is very small and the overall performance is insensitive to mesh distortion as the maximum error of frequency is below 0.3% (in the case of E 1 /E 2 = 10). For the cases of E 1 /E 2 = 30 and 40, Figure 6 indicates that the error at some s could become even smaller than those at s = 0 (regular mesh).
Effect of span-to-thickness ratio
This section deals with the effect of the span-to-thickness ratio (a/h) on the fundamental frequency of a simply supported square cross-ply plate made of material having E 1 /E 2 = 40. Table 3 presents a convergence study on the normalized fundamental frequency. The present numerical results are comparable with those of Reddy and Phan [19] who used higher-order shear deformation theory, Liew [20] who used a p-Ritz solution, Wu et al. [21] who used local higher-order theory, Matsunaga [22] who used global higher-order theory, Striz Table 3 , it is also noticed that the span-to-thickness ratio has a considerable effect on the fundamental frequency of plates at lower a/h ratios. At higher a/h ratios (a/h > 25), the influence on the fundamental frequency is minor.
Effect of lay-up sequence and fibre orientation
To investigate the effect of lay-up sequence and fibre orientation, this section reports the analysis of two composite plates with lamination sequence [θ/0/0/θ] and [0/θ/θ/0] with simply supported (SSSS) and clamped (CCCC) edges. The span-to-thickness ratio of the plate a/h = 100 and modulus ratio E 1 /E 2 = 10 are used in the computation. Figure 7 shows the effects of both fibre orientation and lay-up sequence on the fundamental frequencies. It is found that there is symmetry for the orientation angle of 45 degrees in both cases of simply supported and clamped conditions. Moreover, in the case of SSSS edge conditions, the [θ/0/0/θ] lamination results in a higher fundamental frequencies than the corresponding ones for the [0/θ/θ/0] sequence. In the case of CCCC edge conditions, the behaviour of the fundamental frequencies is opposite to the above SSSS results. It appears that, in both cases, the fundamental frequencies has an extremum at ply angle θ = 45 o .
Influence of mixed boundaries and span-to-thickness ratio
The influence of the mixed boundary conditions and span-to-thickness ratio is now considered. The plate is simply supported along the edges parallel to the x−axis while the other edges have simply supported (S), clamped (C) or free (F) boundary conditions. The notation SS, SC, CC, FF, FS and FC refer to the boundary conditions of two edges parallel to the y−axis only. The three layer cross-ply [0/90/0] square plate is analyzed with E 1 = 40E 2 and a 14 × 14 mesh as indicated in Figure 3 . Table 4 contains the normalized fundamental frequencies for various span-to-thickness ratios obtained by the present method and other solutions of Liew et al. [5] using MLSDQ method, RBF's results by Ferreira et al. [7] and exact solutions [14, 18] . It can be seen that the accuracy of the present method compares very well with exact solutions and other numerical results.
Furthermore, the comparison of the first five natural frequencies with other methods for a clamped 3-layer cross-ply [0/90/0] square plate is also presented in Table 5 . The first four mode shapes obtained by the present method are also depicted on Figure 8 . It is found that the present results in general indicate good agreement with other cited solutions.
Skew laminated plates
This section deals with five-layer symmetric cross-ply and angle-ply skew laminated plates. Simply supported and clamped edges are considered with various skew angles α from 0 o to 60 o . The span-to-thickness ratio a/h is taken to be 10 and the entire plate is modelled using 6 × 6, 10 × 10 and 14 × 14 meshes. A representative sketch of the 10 × 10 mesh used in the analysis is displayed in Figure 9 . Table 6 and Table 7 present the normalized fundamental frequencies of the cross-ply [90/0/90/0/90] with simply supported and clamped edges, respectively while Table 8 and Table 9 show the normalized fundamental frequencies of the angle-ply [45/ − 45/45/ − 45/45] with simply supported and clamped boundaries. The results calculated using MLSDQ method by Liew et al. [5] , B-spline Rayleigh-Ritz method of Wang et al. [26] and RBF of Ferreira et al. [7] are also listed for comparison. It can be seen that there is a good agreement between the present results and other existing solutions for both cases of cross-ply and angle-ply laminates. The numerical accuracy is slightly dependent on the skew angle α (accuracy deteriorates with increasing α) but insensitive to lay-up sequence. The first four mode shapes obtained by the present methods for CCCC and SSSS cases of the [90/0/90/0/90] laminated plates are also depicted in Figure 10 and Figure 11 , respectively.
Circular laminated plates
A circular symmetric 4-layer [θ/ − θ/ − θ/θ] laminated plate with a diameter D and a thickness h as shown in Figure 12 is analysed. The span-to-thickness ratio a/h is taken to be 10 in the computation. Two types of boundary conditions, simply supported (SSSS) and clamped (CCCC) with various fibre orientation angles
The effect of the ply angle θ on the normalized fundamental frequency of the simply supported and clamped circular laminated plate is presented in Table 10 . The natural frequencies of the first six modes in the case of clamped edge conditions are also presented in Table 11 . It is observed that the numerical results obtained by the present method are comparable with Liew's results [5] .
Multi-layer cylindrical shells
The cross-ply laminated cylindrical panel with a radius R = 100 and a side length L = 20 subjected to simply supported boundaries is studied. The total thickness of the panel is h = 0.2. All layers have equal thickness and are made of the same material: Figure 13 is modeled. The 4 × 4, 6 × 6 and 8 × 8 meshes are used in computing the fundamental frequencies associated with the doubly symmetric modes. The convergence study of the normalized fundamental frequency is presented in Table 12 . The present results are also compared with other numerical solutions such as results of Liu and To using layer-wise shell element [27] , of Jayasankar using 9-node degenerated shell element [28] and the analytical solution by Reddy [29] .
It can be seen that the accuracy of the present element is compared very favorably with other elements and the method is also convergent with mesh refinement. The present element can provide accurate prediction of the solution with much reduced degrees of freedom and its performance with respect to analytical solution is excellent. Table 13 gives the first four normalized natural frequencies obtained by the present method in comparison with the solution of Jayasankar [28] using ninenode degenerated shell element. It can be seen that the present results agree well with the solutions given by Jayasankar.
Conclusions
In this paper, the MISQ20 element is further developed and successfully applied to analyse the free vibration of laminated plate/shell structures within the framework of the first-order shear deformation plate theory (FSDT). Several numerical investigations are conducted and the obtained results are in excellent agreement with other available numerical and analytic solutions. It is found that the present element is relatively simple but yields slightly better accuracy for thin to thick laminated plates/shells with various boundary conditions, modulus ratios and stacking sequences. Since the integration is done on the element boundaries for the bending and membrane terms, the present element remains accurate even when it is highly distorted.
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